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The present work investigates the effects of the disks contracting, rotation, heat transfer
and different permeability on the viscous ﬂuids and temperature distribution between
two heated contracting rotating disks. Two cases are considered. For the ﬁrst case, we
neglect the viscous dissipation effects in the energy equation and reduce the Navier–Stokes
equations and energy equation into nonlinear coupled ODEs by introducing the Von
Kármán type similarity transformations. The effects of various physical parameters like
expansion ratio, Prandtl number, Reynolds number and rotation ratio on the velocity and
temperature are discussed in detail. The second and more general case is that we consider
the viscous dissipation in the energy equation. Under this assumption, the energy equation
is reduced to a ordinary differential equation including the Eckert number, whose solution
also is solved by HAM.
 2011 Elsevier Inc. All rights reserved.1. Introduction
The incompressible ﬂuid ﬂow and heat transfer over rotating bodies have many industrial and engineering applications
such as gas turbine engines and electronic devices having rotary parts and have been studied in many industrial, geothermal,
geophysical, technological and engineering ﬁelds. Originally Von Kármán [1] discussed the steady ﬂow of Newtonian ﬂuid
over a rotating disk, who introduced an elegant transformation that enabled the Navier–Stokes equations for an isothermal,
impermeable rotating disk to be reduced to a system of coupled ordinary differential equations. Using momentum integral
method, he obtained an approximate solution to the ODEs. Cochran [2] calculated more accurate values by the numerical
integration, whose solution shows that the rotating disk work like a centrifugal fan. Bodewadt [3] extended Von Kármán’s
work and he considered the ﬂow over a stationary disk and assumed that the outer ﬂow rotate like solid body. Brady and
Durlofsky [4] studied critically the relationship between axisymmetric ﬂow and the Von Kármán similarity ﬂows between
large but ﬁnite coaxial rotating disks. Stewartson [5] and Greenspan [6] have also analyzed ﬂows between two rotating disks.
Shevchuk [7] and Awad [8] explored the permeable wall conditions on a rotating disk and examined the analogous heat
transfer problem for steady and unsteady ﬂow cases. Hossain et al. [9] and Maleque and Sattar [10] also investigated the
inﬂuence of variable properties on the physical quantities of the single rotating disk problem by obtaining a self-similar solu-
tion of the Navier–Stokes equations along with the energy equation.
In recent years, the investigations on the rotating disk ﬂow and heat transfer have gained considerable attention. The
problem of the heat transfer over a rotating disk maintained at a constant temperature was ﬁrst considered by Millsaps. All rights reserved.
ui).
S. Xinhui et al. / Applied Mathematical Modelling 36 (2012) 1806–1820 1807and Pohlhausen [11] with a variety of Prandtl numbers in the range of 0.5 < (cv/cp)Pr < 10. Sparrow and Gregg [12] consid-
ered the heated rotating disks and obtained the results for all the Prandtl numbers. Chew [13] studied the similarity solu-
tions of non-isothermal ﬂow between two inﬁnite rotating disks and developed a linearized model by vanishing the radial
viscous force and convective forces in the momentum equations. Hudson [14] examined the laminar axially symmetric
ﬂow and heat transfer between two horizontal disks which rotated around a common axis with a common angular veloc-
ity where he considered constant temperatures T1 and T0 for the upper and lower disks. Soong and Ma [15] made an anal-
ysis of the non-isothermal ﬂow and heat transfer between two parallel rotating disks and they considered that one of the
disks is rotating at a constant rate and the other one at a time-dependent rate. Soong [16,17] also investigated the Prandtl
number effects on non-isothermal ﬂow and heat transfer between two inﬁnite coaxial disks and the ﬂow cause by the
mixed convection between two coaxial rotating disk. Kumari and Nath [18] studied the unsteady MHD ﬂow and the heat
transfer of a ﬂuid which is spread by a rotating inﬁnite disk. Arikoglu et al. [19] examined the effects of the temperature
and velocity jump conditions on the heat transfer, ﬂuid ﬂow and entropy generation over a single rotating disk.Mustafa
Turkyilmazoglu [20] considered the steady magnetohydrodynamics (MHD) laminar compressible ﬂow of an electrically
conducting ﬂuid on a porous rotating disk. Sibanda and Makinde [21] investigated the hydromagnetic steady ﬂow and
heat transfer characteristics of an incompressible viscous electrically conducting ﬂuid past a rotating disk in a porous
medium with the ohmic heating and viscous dissipation, they found that magnetic ﬁeld retards the ﬂuid motion due to
the opposing Lorentz force generated by the magnetic ﬁeld and the magnetic ﬁeld and Eckert number tend to enhance
the heat transfer efﬁciency. Attia [22]studied the steady laminar ﬂow of a viscous incompressible ﬂuid due to a rotating
disk of inﬁnite extent in a porous medium. Osalusi et al. [23] studied ohmic heating, viscous dissipation, and hall and ion-
slip currents in MHD ﬂow over a porous rotating disk taking into account the variable ﬂuid properties such as density,
viscosity, and thermal conductivity.
Using suitable similar transformation, Nazir and Mahmood [24] ﬁrst considered the ﬂow and heat transfer of the vis-
cous ﬂuid between two contracting rotating disks. However, he consider the disks impermeable. The special boundary
conditions of the expanding or contracting walls were ﬁrst proposed by Uchida and Aoki [25] in order to learn the trans-
port of biological ﬂuids through contracting or expanding vessels, the synchronous pulsation of porous diaphragms and
the air circulation in the respiratory system. A number of porous expanding or contracting channel-ﬂow studies followed
thereafter. Ohki [26] investigated unsteady ﬂow in a semi-inﬁnite tube with a porous, elastic wall whose length varied
with time, but its cross section did not vary. Goto and Uchida [27] analyzed the incompressible laminar ﬂow in a
semi-inﬁnite porous pipe whose radius varied with time. Bujurke et al.[28] obtained a series solution for the unsteady
ﬂow in a contracting or expanding pipe. Majdalani and Zhou [29–31] and Dauenhauer and Majdalani [32] obtained both
numerical and asymptotical solutions for the different permeability Reynolds numbers. Recently Asghar et al. [33] dis-
cussed the ﬂow in a slowly deforming channel with weak permeability using Adomian decomposition method (AMD).
Dinarvand and Rashidi [34] and Dinarvand [35] got analytical approximate solutions for the two dimensional viscous ﬂow
through expanding or contracting gaps with permeable walls. Boutros et al. [36,37] discussed the same model in a porous
channel and pipe with expanding or contracting walls using Lie group method. Si et al. [38] also obtained analytical solu-
tions for the asymmetric laminar ﬂow in a porous channel with expanding or contracting walls. Furthermore, Srinivasach-
arya and Srinivasacharyulu [39] solved numerically the ﬂow of a couple stress ﬂuid in a porous channel with expanding or
contracting walls using quasilinearization thchnique. However, all the above works consider the expansion ratio a to be
constant. In seeking further generalization, Xu et al. [40] extended the Dauenhauer-Majdalani model to the case in which
the wall expansion ratio a is no longer a constant, but rather a time-dependent variable that transitions from a0 to a1. As a
result, they found the time-dependent solutions to approach to the steady state behavior very rapidly. Recently using
HAM, Si et al. [41–44] extended this model to the viscoelastic and micropolar ﬂuid with the same boundary conditions.
Furthermore, Si et al. [45] discussed the existence of multiple solutions for the ﬂow through porous channel with expand-
ing or contracting walls using a singular perturbation method.
Motivated by the above mentioned works, the objective of this analysis is to see the effects of the disk deformation, the
permeability Reynolds number,the rotational Reynolds number on the ﬂow ﬁelds and heat transfer between the rotating
porous disks. A recently powerful technique developed by Liao [46,47] named the homotopy analysis method (HAM) is
adopted to solve this problem for velocity ﬁelds and temperature distribution. Abbasbandy [48–50], Noor and Hashim
[51], Hayat et al. [52–55], Abbas et al. [56] and Sajid et al. [57] have successfully applied the HAM to some non-linear prob-
lems. Using the HAM, the velocity and the heat transfer of the ﬂuid inﬂuenced by the disks deformation rate, the rotation and
the permeability on the disks are taken into consideration.
2. Formulation of the problem
We consider the motion of a viscous incompressible ﬂuid between contracting or expanding, rotating disks. The top and
bottom boundaries are porous and heated disks. The distance between the disks is 2a(t). The disks have different permeabil-
ity and expand or contract uniformly at a time-dependent rate _aðtÞ. As shown in Fig. 1, a cylindrical coordinate system may
be chosen with the origin at the middle of the disks. The velocity components u, v,w are taken to be in the r, /, z directions in
this cylindrical coordinate system, respectively.
Under these assumptions, the continuity, momentum equations are given by the following relations, respectively [24].
Fig. 1. The model for expanding or contracting porous disks.
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cient of thermal conductivity. Moreover, the function U ¼ @u
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 2 on the right-hand side of Eq. (5) represents the dis-
sipation effects. There are no slip and no temperature jump at the lower and upper disks. The boundary conditions areu ¼ 0; v ¼ SrX; w ¼ vw ¼ A _a; T ¼ T1; y ¼ aðtÞ; ð6Þ
u ¼ 0; v ¼ rX; w ¼ svw ¼ A0 _a; T ¼ T0; y ¼ aðtÞ; ð7ÞwhereX is the angular velocity of the top disk, SX is the angular velocity of the upper disk, A0 ¼ svw= _a ¼ sA is the measure of
wall permeability [25,32].
By considering the Von Kármán [1] like similarity transformations for the velocity component, as well as, temperature in
such a way that satisﬁes the continuity equation identically.u ¼  mr
2a2
f 0ðgÞ; w ¼ 2m
a
f ðgÞ; v ¼ mr
a2
gðgÞ; T ¼ T0 þ ðT1  T0ÞhðgÞ; g ¼ zþ a2a ; ð8ÞSubstituting u, v, w into Eqs. (1)–(4) and eliminating pressure, one obtains the following nonlinear differential equations,
which aref ð4Þ þ að12f 00  2f 000 þ 4gf 000Þ  4ff 000  16gg0 ¼ 0; ð9Þ
g00 þ að8g  2g0 þ 4gg0Þ þ 4gf 0  4fg0 ¼ 0; ð10Þand the energy Eq. (5) in view of Eq. (8) takes the formh00  2aPrðh0  2gh0Þ  4Prfh0 þ Pr tr
2l
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02 þ 1
4
f 002
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¼ 0: ð11Þwhere a is the wall expansion ratio deﬁned by a ¼ a _am and negative shows that the disks are contracting, and Pr ¼ qmCpk is the
Prandtl number. A similar solution with respect to both space and time can be developed following the transformation de-
scribed by Goto and Uchida [27], Majdalani and Zhou [29] and Dauenhauer and Majdalani [32], respectively. This can be
accomplished by considering in the case: a is a constant. The result area
a0
¼
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When we do not consider the viscous dissipation effects, Eq. (11) becomesh00  2aPrðh0  2gh0Þ  4Prfh0 ¼ 0: ð13Þ
The boundary conditions in (6), (7) reduce to the formsf 0ð1Þ ¼ 0; f ð1Þ ¼ 1
2
Re; gð1Þ ¼ SRe; hð1Þ ¼ 1; ð14Þ
f 0ð0Þ ¼ 0; f ð0Þ ¼ 1
2
sRe; gð0Þ ¼ Re; hð0Þ ¼ 0; ð15Þwhere Re ¼ avwt is the permeability Reynolds number and positive for injection, Re ¼ a
2X
m is the rotational Reynolds number
[4].
The results obtained by Brady and Durlofsky [4], Nazir and Mahmood [24] are the special cases of this model individually
as Re, Re⁄, S, and s are given some special values.
2.2. Considering the viscous dissipation effects in the energy equation
When we consider the viscous dissipation effects in the energy equation, letF ¼ f
Re
; G ¼ g
Re
: ð16ÞSubstituting Eqs. (16) into (9)–(11), the ODEs (9), (10) becomeFð4Þ þ að12F 00  2F 000 þ 4gF 000Þ  4ReFF 000  16Re Re

Re
GG0 ¼ 0; ð17Þ
G00 þ að8G 2G0 þ 4gG0Þ þ 4ReGF 0  4ReFG0 ¼ 0; ð18Þ
and Eq. (11) takes the formh00  2aPrðh0  2gh0Þ  4PrReFh0 þ PrEc G02 þ 1
4
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 2
F 002
 !
¼ 0; ð19Þwhere Ec ¼ r2X2CpðT1T0Þ is the Eckert number.
The corresponding boundary conditions becomeF 0ð1Þ ¼ 0; Fð1Þ ¼ 1
2
; Gð1Þ ¼ S; hð1Þ ¼ 1; ð20Þ
F 0ð0Þ ¼ 0; Fð0Þ ¼ 1
2
s; Gð0Þ ¼ 1; hð0Þ ¼ 0: ð21Þ3. HAM solutions for no considering the viscous dissipation
In this section, we give an accurate analytical approximation to Eqs. (9), (10), (13) with boundary conditions (14), (15).
Here we choose the initial guesses as followsf0 ¼ Reðsþ 1Þg3 þ 32Reðsþ 1Þg
2  sRe
2
; g0 ¼ ReðS 1Þgþ Re; h0 ¼ g; ð22Þand the auxiliary linear operators are£1ðf Þ ¼ f 0000; £2ðf Þ ¼ f 00; £3ðf Þ ¼ f 00; ð23Þwith£1ðC1 þ C2gþ C3g2 þ C4g3Þ ¼ 0; £2ðC5 þ C6gÞ ¼ 0;£3ðC7 þ C8gÞ ¼ 0; ð24Þwhere Ci, i = 1, . . . ,8 are constants.
Upon making use of above deﬁnitions, we construct the zero-order deformation problemsð1 pÞ£1ðf  f0Þ ¼ ph@1ðf ; gÞ; ð25Þ
ð1 pÞ£2ðg  g0Þ ¼ ph@2ðf ; gÞ; ð26Þ
ð1 pÞ£3ðh h0Þ ¼ ph@3ðf ; g; hÞ; ð27Þ
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gent at p = 1. From Eqs. (33)–(35) we havef ¼ f0ðgÞ þ
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hmðgÞ: ð38ÞDifferentiating Eqs. (33)–(35) m times with respect to p, respectively, then setting p = 0, and ﬁnally dividing them by m! we
obtain the following mth-order deformation problems£1ðfmðgÞ  vmfm1ðgÞÞ ¼ h@fmðgÞ; ð39Þ
£2ðfmðgÞ  vmfm1ðgÞÞ ¼ h@gmðgÞ; ð40Þ
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0
k; ð44ÞThe corresponding boundary conditions aref 0mð1Þ ¼ 0; f mð1Þ ¼ 0; f mð1Þ ¼ 0; hmð1Þ ¼ 0: ð45Þ
f 0mð0Þ ¼ 0; f mð0Þ ¼ 0; f mð0Þ ¼ 0; hmð0Þ ¼ 0; ð46ÞThe general solutions of Eqs. (39)–(41) arefmðgÞ ¼ f mðgÞ þ C1 þ C2gþ C3g2 þ C4g3; ð47Þ
gmðgÞ ¼ gmðgÞ þ C5 þ C6g; ð48Þ
hmðgÞ ¼ hmðgÞ þ C7 þ C8g; ð49Þin which f mðgÞ; gmðgÞ; hmðgÞ denote the special solutions of Eqs. (39)–(41), respectively. The integral constants Ci(i = 1  8) are
determined by employing the boundary conditions (45), (46).
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m = 1,2,3, . . . .3.1. Results and discussions
As pointed out by Liao [46,47] the convergence of the series (33)–(35) depends upon h. The values of h determine the
convergence region and the rate of approximation for HAM. For this purpose the h-curves are plotted in Fig. 2 for different
approximations. As a result, we can get convergent HAM series solutions on the 20-th approximation.
In order to develop a better understanding of the ﬂow characteristics we choose to present the velocity proﬁles, temper-
ature distribution across the channel for some values of the physical parameters.
As A = 1, s = 1, this is the model described by Nazir and Mahmood [24]. Their results for some special parameter Re⁄,a,S are
already compared with the benchmark solutions obtained by Brady and Durlofsky [4] and Sharma and Verma [59]. The re-
sults agree well. So in this paper, we compare the results obtained by HAM with the numerical solutions obtained by Nazir
and Mahmood [24]. Figs. 3 and 4 show the effect of the Reynolds number on the axial and azimuthal velocities and temper-
ature distribution for the case of exact counter-rotation S = 1, absence of contraction and permeability (i.e.a = 0,Re = 0) and
Pr = 0.7, the results also agree well.
As the permeability Reynolds number Re is very smaller compared with Re⁄, two cases are considered. For the sym-
metric case we can observed that proﬁles of radical velocity are symmetric about the middle of two disks in Fig. 5,
which most resemble the case with no permeability on the disks in Fig. 3. For the asymmetric case, when there are dif-
ferent injection permeability on two disks,the proﬁles of radical velocity also are asymmetric. From Figs. 6 and7, we can
ﬁnd that expansion and contraction also have important inﬂuence on the velocity ﬁelds. An important conclusion can be
drawn that sufﬁciently large rotation, which is compared with permeability, can dominate over the velocity ﬁelds. How-
ever, with the increase of the permeability Reynolds number Re, the permeability is dominant in velocity ﬁelds, the pro-
ﬁles of radial velocity behave like the case of the ﬂow through two dimensional porous channel [33], which can be
observed in the following ﬁgures.
Firstly we present the effects of the physical parameters on the ﬂow characteristics as the parameters S = 1, s = 1,
which means that the upper and lower disks have the same permeability velocity and rotation velocity, but the direc-
tions are contrary.
The inﬂuences of the expansion ration a on the velocity and temperature distribution are shown in Figs. 8 and 9. Since the
permeability of two disks is equal, the proﬁles of radial velocity are symmetric and azimuthal velocity is antisymmetric. It
can be observed that the curves of f(g) change their concavity at the middle of the disks. The proﬁles of radical velocity are
symmetrical and the maximum value of radical velocity increases with a. However, the effects of the expansion ratio on azi-
muthal velocity g(g) are important. The proﬁle are different dramatically when the two disks is expanding or contracting.
The inﬂuences of the rotational Reynolds numbers Re⁄ on the velocity are given in Figs. 10 and 11. The permeability
of the two disks is equal, then the proﬁles of f(g), f0(g) are similar to Fig. 7. The radial velocity is symmetric, and the
maximum of radial velocity increases with Re⁄. We also can be observed that with the increase of Re⁄, the maximum
value of the radial velocity becomes bigger because rotation accelerates the inﬂuence of permeability. As Re⁄ = 4, an
interesting phenomenon similar to Figs. 3 and 4 appears again. Because the rotation Reynolds number is different,
the values of azimuthal velocity g(g) at the same disk are different. There are two extreme points across the disks
for the counter rotation of the two disks.−1.4 −1.2 −1 −0.8 −0.6 −0.4 −0.2 0
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S. Xinhui et al. / Applied Mathematical Modelling 36 (2012) 1806–1820 1813Figs. 12 and 13 present the proﬁles of the effects of the injection Reynolds numbers Re on the velocity and temperature
distribution. The values of f are different at the upper and lower disks according to the boundary conditions and the zero
points are at the middle of two disks. The proﬁles of radial velocity are symmetric for the equal permeability of two disks.
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1814 S. Xinhui et al. / Applied Mathematical Modelling 36 (2012) 1806–1820Radial velocity increase with the increase of injection. Azimuthal velocity becomes more ﬂat near the middle of two disks
with the increase of injection.
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S. Xinhui et al. / Applied Mathematical Modelling 36 (2012) 1806–1820 1815All above ﬁgures are centered on the analysis for the symmetric boundary conditions. In that following, we will discuss
the inﬂuences of the asymmetric boundary conditions on the velocity and heat transfer.
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1816 S. Xinhui et al. / Applied Mathematical Modelling 36 (2012) 1806–1820In Figs. 14 and 15 we have shown the effects of Re⁄ on the velocity component and heat transfer. s = 1/5 corresponds to the
injection velocity at the lower wall to be 20% of that at the upper wall, then the upper injection, which interferences the
boundary layer, has more important inﬂuence on the radical velocity. The proﬁles of azimuthal and radial velocity become
asymmetric pushed towards the upper wall with the increase of Re⁄. The position of zero point shifts toward to the upper
disk for the proﬁles of azimuthal velocity.
In Figs. 16 and 17 the effects of s on the velocity and temperature are displayed while other physical parameters are ﬁxed.
f, g are decreasing function of s and f0, h are increasing function of s, respectively. As s is increased, the proﬁles of f0 become
more symmetric, which means the permeability of the two disks tend to be equal. The point of maximum radial velocity is
shifted towards the middle of the two disks with the increase of s.
It is important to note in Figs. 18 and 19 that the heat transfer coefﬁcient Pr also have important inﬂuence on temperature
distribution for any ﬁxed value of Re, Re⁄, a. For the symmetric conditions, the proﬁles of h are antisymmetric about g = 0.5.
h(g) becomes ﬂat near the middle of the two disks. The temperature boundary layer becomes thinner with the increase of Pr.
For the asymmetric conditions, the effects of the Prandtl number Pr on h(g) become more dramatic. The curves become more
asymmetrical.
4. The temperature distribution for considering viscous dissipation effects in the energy equation
The analysis so far has been centered on the assumption that no viscous dissipation effects is considered in the energy
equation. In what follows, we consider the dissipation term in the energy equation. We solve the nonlinear ODEs (17)–
(19) with boundary conditions (20), (21) using HAM. The procedure is straightforward and so, in the interest of brevity,
the initial functions are chosen as follows
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Fig. 20. The characteristic of h for different Ec as Pr = 1/2, a = 2.
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with£1ðC1 þ C2gþ C3g2 þ C4g3Þ ¼ 0; £2ðC5 þ C6gÞ ¼ 0; £3ðC7 þ C8gÞ ¼ 0; ð52Þ
where Ci, i = 1, . . . ,8 are constants. The steps are similar to Section 3.
Since the viscous dissipation term exists in the energy equation, we only discuss the inﬂuence of the Eckert number Ec on
the temperature distribution. Fig. 20 gives the temperature distribution for the symmetric and asymmetric cases with the
change of Ec. A important conclusion can be drawn that the temperature distribution is an increasing function of Ec. More-
over, as the permeability Reynolds number is small compared with Re⁄, the effect of Ec is very small. As the injection Rey-
nolds number is increasing, the effect of Eckert number Ec becomes dramatic.
5. Conclusion
In this study, the developmental characteristics of the viscous ﬂow and the temperature distribution between two
deforming rotating disks have been studied with considering the viscous dissipation effects in the energy equation or not.
The azimuthal and radial velocity and temperature ﬁelds for some parameters are obtained by HAM and discussed in detail.
The effects of the permeation Reynolds number Re, s, the expansion ratio a, the rotational Reynolds numbers Re⁄ on the ﬂow
variables and heat transfer are explored. The results show that they all have strong inﬂuences on the velocity proﬁles.
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